Learning Rates of Least-Square Regression with

¢'-Regularizer

Abstract

1 Introduction

In this paper we consider the least-square regression algorithm with ¢!-regularizer. The

main result will be the satisfactory learning rates.

In the formal setting of the regression problem, we often have a compact metric space
(X,d) as the input space and Y = R as the output space. Let p be a Borel probability
measure on Z = X x Y. For each pair (z,y) € Z, the prediction accuracy of a predictor
f: X — Y could be measured by the least-square loss (f(z) — y)®. The generalization

error for f with respect to p is defined as

& = [ ()= wdp (1)

The function that minimizes the error is called the regression function. It is given by

mwzéwmm»xex (1.2)

where p(-|x) is the conditional probability measure at x induced by p. A standard as-
sumption on p(-|z) which we will use throughout the paper is that, for some M > 0, p(:|z)
is almost everywhere supported on [—M, M|, that is, y < M almost surely with respect
to p. It is immediately from the definition of f, that |f,(x)| < M. In this paper, without

loss of generality, we assume M > 1.

Since p is usually unknown, f, cannot be obtain directly. The target of the regression
problem is to learn regression function or to find good approximations from a set of

samples z = {(x;,y;)}", € Z™ which is drawn independently according to the measure



p. This is a typical ill-posed problem and regularization technique is needed. Set the

empirical error as
m

Z(f(xz) — i)

=1

1
Ef)=—
(f)==
It is a discretization of the error £(f). Given a hypothesis space H (a set of functions form
X toY) and a regularizer (a penalty functional) 2 : H — R, the Tikhonov regularization

scheme searching for an approximation of f, is described as
fo = argmin {&,(f) + AQ(f) }- (1.3)

Here A = A(m) > 0 usually depended on m is called the regularization parameter. Note
that by choosing different hypothesis space H and regularizer €2, we will get different
learning algorithms. The efficiency of the algorithm is measured by the difference between
[z and the regression function f,. Because of the least-square nature, the measurement
is the weighted L? metric in L) defined as || f|lzs = ([ |f(z)?dpx)*/?, where px is the

marginal distribution of p on X. One can easily check that

1fz = FollZs, = E(f2) = E(F,)- (1.4)

So estimating error (1.4) for the algorithm (1.3) is the main goal of theoretic analysis.

One concrete example is the least-square regularization scheme with application of
Mercer kernels [2]. Recall that, a Mercer kernel K is a function on X x X which is
continuous and positive semi-definite, (H, || - [[x) is the associated reproducing kernel

Hilbert space [1], then the scheme is given by
fa=arg min {&(f) + A fI|% }- (1.5)
JeRK

It has been well understood due to many literatures [3, 4, 5, 6]. The rates of convergence

of f, to f, in LiX -space has been estimated by means of properties of p and K.

In this paper, we are interested in a least-square learning algorithm for regression
with ¢*-regularizer. Given a symmetric and continuous kernel function K : X x X — R
which is not necessarily positive semi-definite, we consider the following sample dependent

hypothesis space defined by

HK,Z = {i@szz oy € R},
i=1

where K;(-) = K(-,t). The learning algorithm is given by

fz,)\ = argfénHi;rjz {8z(f) + AQZ(f)}? (16)



where

Q,(f) = Z | for f= Zaimi.

The motivation we consider this algorithm is that the ¢!-regularizer often leads to sparsity
of the regression coefficients {«;} with properly chosen regularization parameter . This
phenomena has been empirically observed in LASSO algorithm [10, 11, 12] and verified
in the literature of compressed sensing[13]. Some theoretic work has been done about
the least square regression with ¢!-regularizer [7, 8, 9]. For example, if K is Lipschitz

continuous, it is proved in [8] that
[ fax — fp||%§x = O(m~ B+,

under the assumption that f, in the range of L3 and py satisfies condition L, with
T = n (see definition 2). Here, Lk is the integral operator on the space L,%X defined
by Lixf = [y Kuf(u)dpx(u). The convergence rate stated is low and depends on the
dimension n of the input space X which is often large for learning problems. In [9] under
the assumption that K € C*(X x X) with s > 2, by making fully use of higher order
regularity of K and induced approximation, the learning rate can be improved to % —€
for any 0 < e < 1/3if K is C™ kernels.

Our setting is mainly followed by [9]. We will consider how fast f, y approximates f,
as the sample size m increases. Learning rates will be given in terms of the input space
X, and the measure p and the kernel K. We assume X is a compact subset of R™ which

satisfies an interior cone condition.

Definition 1. A subset X of R" is said to satisfy an interior cone condition, if there
exists an angle 6 € (0,7/2), a radius r > 0, and a unit vector &(x) for every v € X such
that the cone

C(x,&(x),0,r) ={z+ty:y e R, |y| = 1,y"&(x) > cosh, t € [0,7]}
18 contained in X .

The sampling process on X is based on the marginal distribution px, we assume that

px satisfies condition L.

Definition 2. A probability measure px on X is said to be satisfy condition L, with 0 <
T < o0 if there exists some C; > 0 such that for any ball B(z,r) = {u € X : d(u,z) < r},
we have

px(B(z,r)) > Crm Ve X,0<r <1, (1.7)



If X satisfies interior cone condition and p is the uniform distribution on X, then (1.7)

holds with 7 = n and C’. depends on X.

In this paper, we will apply a refined uniform concentration inequality involving the
(*-empirical covering numbers (see definition 5) to derive learning rates and the iteration
method will be used to give a sharper bound for algorithm (1.6). Firstly, let us state a

result for C*° kernels.

Theorem 1. Assume that X satisfies an interior cone condition, K € C*(X x X), f,
lies in the range of L3, and px satisfies condition L, with some 7 > 0. Let 0 < § < 1,
0<e<1/2and A\ =m>2 [fm > Mgﬁ, then with confidence 1 — &, we have

[for = Foll2s < Cxpx (1 +log(4(1/e + 1)/5>)m-<%-€>,
where

Y

. 4max{€i2,$}
M;, = 0;1\}/62{ log(m + 1) + log(4(1/e + 1)/5)}

and Cx , x, Ca are constant independent of m, 6 and e.

Obviously, our result is shaper than [9].

2 Main Result

Except for the regularizers, the main difference between algorithms (1.5) and (1.6) is that,
the hypothesis space in the first algorithm is independent on samples. A useful approach
for getting learning rate for regularization schemes with sample independent hypothesis
spaces is error decomposition [5] which decomposes the total error (1.4) into the sum of a
sample error and a regularization error (or approximation error). The main difficulty with
algorithm (1.6) is the dependence of the hypothesis space Hg , on z. This was pointed
out in [7] where a modified error decomposition technique is introduced by means of an
extra hypothesis error. In order to do error decomposition for algorithm (1.6), we use ¢!

sequences to define a function space.

Definition 3. Take the Banach Space Ho = {f: f = Do oKy o) € 01 {x;} C X}

with the norm
RS URES ST
j=1 j=1
Since X is compact,when K € C*(X x X) with s > 0, H, can be regarded as a

subspace of C*(X) with the inclusion map I : Hy — C*(X) bounded as

/]

osx) <K

c:xxxxllfll, VS € Ho. (2.1)
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Denote x = || K|lc(xxx). If we set B = {f € Ho : ||f|| < R}, then for all R > 0, the set
I(Bg) is compact in C*(X).

We introduce a regularizing functions as
fr = arg min {E(f) + AIfII} (2.2)
feHo
Using (1.4), the following error decomposition process is used in [8, 9].

Proposition 1. Let f,\ be defined by (1.6) with A > 0. Then
1 for = folliz, < S(2,A) + H(z,A) + D(N). (2.3)

Where

S(Z7 )‘) = g(fz,)\) - gz(fz,)\) + gz(f)\) - g(f)\)
A = A& (fan) + A% (far)} — {& () + A}
D(A) = E(fx) = &) + Al

S(z, \) is called sample error. Since generally Hx , C Ho, fn may not be in the space
Hk . The second item H(z, \) is so called hypothesis error due to the different hypothesis
spaces. While the last item D(\) is called regularization error. Obviously, form (1.4) and
definition (2.2)

D) = inf {If = f,l3 +IF1}-

f€Ho
Usually we use D()A) to measure the approximation ability of Hy. For getting rates we

shall assume that for some constants ¢ € (0,1] and ¢, > 0,
D(A) < A%, VA>0. (2.4)

A sufficient condition to estimate the regularization error D(\) is given in [8]. We state

it as follows.

Proposition 2. If f, = Lj.g for some 0 < s <2 and g € L/%X, then
D) < (gl +#llglz, ) A% Va0, (2.5)

If K € C*(X x X) with s > 2, applying the symmetry of the kernel and a local
polynomial reproduction formula form the literature of multivariate approximation [14,

15], a estimation for hypothesis error H(z, \) given by [9] is stated as follows.

Proposition 3. Suppose X satisfies an interior cone condition with radius Rx > 0 and
angle 0 € (0,7/2), if px satisfies condition L, with some 7 > 0, K € C*(X x X) with
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s > 2, (2.4) is valid, then for 0 <8 < 1,0 <X <1 and m > Cy (log(2/8) + log(m + 1)),

with confidence 1 — g,

(2.6)

H(z, \) < c, A+ Co 21 (10g(2/5) + log(m + 1)) .
N =
m

where Cy and Cy depend on X, 7,Cr, Rx,0,n,s and || K|

Cs-

In this paper, we focus on estimating the sample error S(z,\). Since the quantity
E(far) — E2(f2) needs to be estimated by some uniform law of large numbers. To this
end, we need the capacity of the hypothesis space, which plays an essential role in sample
error estimates. Covering number as an important measurement of the capacity of a
function set has been well studied in a lot of literatures [16, 17, 18]. Firstly, we will give

a general definition of covering number.

Definition 4. Let (#,d) be a pseudo-metric space and S C M a subset. For every
e > 0, the covering number of S by balls of radius € with respect to d is defined as the

mainimal number of balls of radius € whose union covers S, that is,
N(S,€,d) = min {n € N: 3{s;}_; C A such that S C U B(sj,e)} :

J=1

where B(s;,€) = {s € A :d(s,s;) < €} is the ball in A .

Next, we introduce the covering number of function class. Let ds denote the normalized

(?-metric on the Euclidian space R™ given by

m 1/2
1
dx(a,b) = (E > Jai— bi|2>
=1

for a = (a;)72,b = (b))%, € R™.

Definition 5. Let F be a set of functions on X, x = (z;); C X™ and Flx =
{(f(x))m, = f € F}y € R™. The (?-empirical covering number of F associated to x
1s defined as

Nox(F,€) = N(Flx, €,dz).

Moreover, the (*-empirical covering number of F is given by

Ny (F,e) = sup sup Naox (F,e€).

meNxeX™m

While the uniform covering number of F is defined as N'(F €, ||-||o), the covering number
of F with respect to the L*-metric.



Note that ¢?-empirical covering number is always smaller than the uniform covering

number and hence help to yield sharper bounds. Let us state our main result on analysis.

Theorem 2. Suppose X satisfies an interior cone condition, if px satisfies condition L,
with some 7 > 0, K € C*(X x X) with s > 2 and approzimation error condition (2.4)
is valid. Assume By satisfy the capacity condition with a constant ¢, > 0 and p € (0,2),
that is

1 p
log N2(Bi,€) < ¢, <Z> , Ve > 0. (2.7)
Set
vlzmax{f,l}, vgzmin{i,l}, (2.8)
T T
and
min { ;L 2 } fo<q<1
s = { 1 {sh i fo<ast (2.9)
G ifg=1

Take A\ = m " with 0 < € < v3. Define

Vs =min{y — (3 —2¢)(y3 —€), (¢ — 1) (13 — €)} and B ="3/(2¢) +1/2,  (2.10)

for any 0 <6 <1 and m > mgs,, with confidence 1 — 9§, we have

2 max{B,71}
]U;A—ﬁM%%>g(QKMKCﬁﬁAﬂﬂ(1+kg@ﬂﬂ+&)ﬂﬂ){1@&WH4)+ngMﬁ+&”@)} m~°
where )

© = min {m + 295,72 — 2(1 = q) (3 — €), q(v3 — 6)}
and

Mg = Max {50 (log(2(3 + 1)/6) + log(m + 1)), {2Cq (1 + log(4(8 + 1) /9)) Mz}z% ’
{401 (10g(4(ﬁ + 1)/5) + log(m + 1))’71 /MQ}i 7 {403/M2}m }

with 74 defined as

’M:{QQ—QGUO<Q<1‘ (2.11)

V2 ifg=1

The constants Cx , i, 6’0, Co, C1 and C3 is independent of m, § and e.

Remark 1. We will show that the capacity condition (2.7) always hold for the space Hy.



3 Estimates for the Sample Error

Under the assumption that all the samples are independent drawn form p and |y| < M
almost truly, we are in the position to estimate the sample error S(z, A) which can be
rewritten as

S(z,\) = S1(z, \) + Sa(z,N)
where
S1(2,A) = {&(f») = &(fp)} —{E(N) = E(f,)}
and
Sa(z, A) = {&€(fan) = E(fp)} —{E&(fan) —&alfp)} -
The first term can be estimated by using one-side Bernstein inequality.

Lemma 1. Let & be a random variable on a probability space Z with expectation p = EE
and variance 0%(§) = o*. If |€(z) — p| < Mg for almost all z € Z, then

1 & 2M¢ log % 202 log %
— AP e T VDY uidi - 3.1
D€)< T [ (31)

Proposition 4. For any 0 < § < 1, with confidence 1 — §/4,

7(3M + kD(X)/\)?log 4 1

- 5D (3.2)

with confidence 1 — 4.

Sl (Z7 )‘) <

Proof. Form the definition of D(\) and (1.4), we know that

M S Efr) = E(f,) + A =D).

It follows from (2.1) that
[falloo < &I < KDA)/A.
Set £(2) = (y — fa(@))? = (y — f,(x))?, since | f,(x)| < M almost everywhere, we have

(=) < BM + [ falloo) (M + [ falloo) < ¢:= (3M + kD(N)/A)*.

Hence M¢ = 2c. Moreover,

E(¢?) = /Z{fx(ﬂi) + fo(@) = 29} {fa(2) = fo(@)} dp < BM + 1 falloe)” I1x = FollZz

which implies that 0%(£?) < E(£2) < ¢D()\). Now applying lemma 1, with confidence
1 —§/4, we have

1 & 4clog 4 2cD(M\)log%  7clogi: 1
Si(z,\) = — D —E(&) < g s < S 4+ ZD(A
the last inequality holds since ab < $a* + b O
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Before estimating S»(z, ), we will state some results about the covering number con-

cerning Hy. Recall Bj is the unit ball in H, and define Diam(X) := max, yex ||z — y/|-
Proposition 5.

(i) If K is Lipschitz continuous of order a with 0 < « < 1, that is for some constant
Co >0,
|K(t,x) — K(t,2")| < colzy — 20|, Vi, x, 2’ € X. (3.3)

Then for all e > 0,

" 1 2n/(n+2a)
log/\/g (Bl,E) S CQ (—) (34)

€

where Cy depend on n, a, ¢y, k and Diam(X).

(ii) If K € C5(X x X) for some s > 0, then there is Cs > 0 depending on X, s and || K||cs
such that for all € > 0,

" 1 n/s
log NV (B, €, || - [|oo) < Cs <—) . (3.5)

€
The result (ii) is directly result form [17, 18]. We leave the proof for (i) in the appendix.

We will use the following uniform concentration inequality stated in [19].

Lemma 2. Let F be a class of bounded measurable functions. Assume that there are

constant B,c > 0 and a € [0,1] such that for all f € F, || fllec < B and Ef? < c(Ef)~.
If for some a > 0 and p € (0,2),

log Ny (Fye) <ae?, Ve>0, (3.6)

then there exist a constant ¢, depending only on p such that for any t > 0, with probability
at least 1 — e, there holds

_1
ct) e 18Dt

11—« (e} / e
n ~*(Ef) +cpn+2(m +—m , VfeF, (3.7)

Ef—%Zf(Zi)S%

where

2 2
2-p a\ z—2 2-p a \ 2
7N 1= max { ci-2atpe (—) T BT <—> L
m m

From (3.4), we know that condition (3.6) in lemma 2 always holds for B, if K €
C*(X x X) with s > 0. We apply lemma 2 to a set of function Fr with R > 0, where

Fr={(y— (@)’ = (y = f,(x))*|f € Br} (3-8)



Proposition 6. Assume By satisfy the capacity condition with a constant ¢, > 0 and
€ (0,2), that is

log Ao (By,€) < ¢, <1>p, Ve > 0.
IfR> M, then for all f € By and § € (0,1), wez'th confidence 1 — 8/4, we have
[E0) — £} — 1600) - &5} |
() = €0+ Cup (1 +1oxta/0) () 2 (39)

<

DN | —

p

where C,; , = max {c’ (3+ %)%(cp@ +2K)) 77, 20(3 + /43)2}.

Proof. Consider the set Fr. Each function g € Fg has the form g(z) = (y — f(z))? —
(y = fo(2))* with f € Bg. Hence B(g) = E(f) = €(f,) = If = foll 1z » (1/m) 225, 9(=) =
&) — &(f,) and
9(z) = (f(x) = o) {(f(z) —y) + (fp(x) =)}
Since || f|loe < Kllf]l < KR and |f,(z)] < M, we find that
19(2)| = (kR + M)(k + 3R) < (3M + kR)?,

and

Byt = [ (20— Jle) = £e))* (o) = a))*dp < (31 + nF)* By,
Moreover, since Vg, g2 € Fr,

91(2) = 92(2)| = | (y = f1(2))” = (y = fo(@))*| < (2M + 2xR)| fi() = fal2)],

there holds

N (Fis€) < N ( B

€

€
)< B
2M—|—2/€R> —NQ”‘< b R(2M+2/<LR))

which implies

log Na (Fa,€) < ¢, RP(2M + 2K R)Pe?.
Since R > M, using lemma 2 with B = ¢ = (3M +kR)? a =1and a = ¢,RP(2M +2xR)?,
for Vg € Fr and 0 € (0,1), with confidence 1 — §/4, there holds

¢, RP(2M + 25 R)P\ 77
m

1 & 1 2-p
Eg—— g(z) < =Eg+c,{(3M 2155
g m 2 g(z) < 5 g—l—cp{(?) + kR)%} (
log(4/9)

m

+20(3M + KkR)?

2
1 sy s (1\75 L, 20(3+k)?log(4/0
< SEg+ 3+ k)T (cp(2 + 26)) 7 (_) R2 4 200+ k)" log(4/0) b

2 m m
1 1\
< -Eg+ Cy, (1+1log(4/9)) (—) R°.
2 m
Thus we complete our proof. O
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4 Error Bounds in a Weak Form

Now we can derive error bounds. For R > 0, denote
W(R)={ze€Z" | far] < R}. (4.1)

Proposition 7. Suppose X satisfies an interior cone condition, if px satisfies condition
L. with some 7 > 0, K € C*(X x X) with s > 2 and approzimation error condition (2.4)
is valid. Assume By satisfy the capacity condition (2.7). For all0 <X <1,0<d <1
and R > M, when

m > Cy (log(2/6) + log(m + 1)) (4.2)

there is a set Vg C Z™ with p(Vr) < § such that, for all z € W(R)\Vg,

2

Efun) = £ + X% fu) < Co 1+ 10s1/0) ()

s 1
—|—Cl (10g(4/5) + log(m + 1))“13’({?11} )\2(qfl) <E

min{ 2,1}
) O (43)

where Cy = 2C,, ,,, Cy = max{26’1, W} and Cy = 3¢,.

Proof. When m satisfies (4.2), form proposition 3, there exists a subset U; € Z™ with
p(Uy) < 6/2 such that for every z € Z™\Uy,

2w

H(z,\) <A+ C (log(2/68) + log(m + 1))7 A2@D (i)

m

Form proposition 4, there exists a subset Uy € Z™ with p(Usy) < §/4 such that for every
VS Zm\UQ,

7(3M + kD(\)/))?log 4 Ly 0 < 7(3M + ¢yk)? log(4/9)

1 1
A\2(a—1)
3m 2

< - - q
Si(z,\) < 5 — + 2cq)\

the last inequality holds since 0 < A < 1 and 0 < ¢ < 1. Form proposition 6, for R > M,
there exists a subset Ugr with p(Ug) < §/4 such that for every z € W(R)\Ur,

Su8 ) < 5 {E ) = €U+ Cup 1+ ot/ () 1

< GAEU) = ) + A )} + O (14 lox(4/0) (%) R,

Finally, since £(fax) —E(f,) + A% (f22) = H(z, \)+S(2, \) +D(N), let Vg = U UU,UUR,

we get desire result. O

Learning rate in weak forms can be obtained from proposition 7.
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Proposition 8. Under the assumption of proposition 7. Let 0 < § < 1 and A = m™?,

when m > Cy (log(2/8) + log(m + 1)), with confidence 1 — &, we have

_ 4 max{ 2,1}
lfun = 5, < (10w +togm+ 1)), (1.4

where )
s
= mi 1—-2(1— ——2(1 - — 2
© = min {qﬂ, (1 =)0, ~ =2(1~-q)d, 5, 19},

and C = CoM* + Oy + Cy is a constant independent of m or 6.

Proof. The definition of f, \ tells us that,

m

AL (fun) < Eulfur) + A2(far) < E(0) 10 < — S (s — 0) < M?

m £
=1

hold almost surely. Since || fall < Q2(fz), we have || fa]| < M?/X for all most z € Z™.
Therefore, W(M?/\) = Z™. Take R := M?*/\ > M due to M > 1 and 0 < X\ < 1. Form
proposition 7, when m > Co (log(2/9) + log(m + 1)), with confidence 1 — §, we have

1\
e = Sl < Colt+log(a/) 32 ()

min{ 2,1}
s 1 o
+C (log(4/6) + log(m + 1))max{;’1} AHa=1) (—m) + CyH)\I.

0

Using this inequality, let A = m™", we get the desire result. O

Remark 2. In [9], they give the bound in a similar form as (4.4) with © = min{qV, 2 —
2(1—q)9,1-2(1—q)0, 1++n/s — 20}, Our bound is sharper than [9] since p < n/s always
holds form (3.5).

5 Strong Bound by Iteration

In this section, we will use the iteration technique to obtain strong error estimation. The
method in the previous section was rough because we use the bound ||f,,] < M?/)
which is much worse than the bound for fy, namely, || fi|| < D(X)/A. Since f, is a good
approximation of fy, one would expect || f5 || to have some tighter bound. We shall prove
this is the case with high probability by applying proposition 7 iteratively. We will use
a similar iteration technology showed in [5]. The strong bound will be proved after two
lemmas. Recall the set W(R) defined by (4.1). The following lemma is a direct result
form proposition 7. Here, we mainly use the upper bound for R and the fact that A|| f,.||
is bounded by E(f,x) — E(f,) + A2 (fa). Recall (2.8), we denote 71 = max {£,1} and

Yo = min{f, 1}.
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Lemma 3. Under the assumption of proposition 7. For any 0 < §d < 1,0 < XA <1 and
M < R < M?/), there is a set Vg C Z™ with p(Vg) < § such that

W(R) € W(amM?*X72R + b, A" ) U Vi,

where

o= Col1 + s/ ()7

1

b = Cy (log(4/0) + log(m + 1)) A*@D (_

"2
)"
m

here C3 = max{Cy, M }.
Next, we will prove with high probability, tighter bound for || f, || will be obtain by
iteratively using lemma 3.

Lemma 4. Under the assumption of Theorem 2 and v1, Y2, V3, Y4, V5, B are defined as
the same in Theorem 2. Take A = m " with 0 < € < v3. For any 0 < 6 < 1 and
m > mg, with confidence 1 — 36, there holds

1l < {C8 (1 +10a(4/6))" M?+2 4-2C, (10g(4/6) + log(m + 1)) +2C5 ™.
(5.1)

while
ms = max {50 (log(2/8) + log(m + 1)), {2C, (1 + log(4/4)) ]\/ﬂ}i 7
{4C4 log(4/8) + logtm + D) M} {aCa/ar2} 70 |

Proof. We just consider the case 0 < ¢ < 1, the proof is the same for ¢ = 1. For any
0 < € <3, take A = m™ with ¥ = 3 — € then

~ 2\ —2 4 2 1 ﬁ_?g 4 2 —2¢
Ay 1= @, M N"7 = C 1+10g5 M| — < Cy 1+10g5 M*m=*. (5.2)

m

We have the trivial bound b,, > C3 > M since 0 < ¢ < 1 and 0 < A < 1. Moreover, a

simple computation show that

72—2(1—q)¥
) + Cgmiqﬁ

< O (log(4/9) + log(m + 1))” Je 4 Cym—90s=9),

by, = Ci(log(4/d) +log(m + 1)) (%

If m > ms, we have a,, < 1/2 and b,, < M?/2. For any M < R < M , there holds
1
M < anR+b,\7! < 5R + M?/(2)\) < M?/ . (5.3)

13



Define a sequence {R¥};cy by R©® = M2?/X and, for j > 1,
RY = G, RU™Y 4 b, A"

Then proposition 8 proves that W(R(®) = Z™ and (5.3) guarantee lemma 3 holds for
each RV that is, W(RU~Y) C W(RW)UVyi-1y with p(Vii-1)) < 8. Apply this inclusion
for j =1,2,...,J, with J satisfying 73/(2¢) — 1/2 < J < v3/(2¢) + 1/2. We see that

J—1
gm W(R(O)) C W(Rl) UVgo C -+ C W(R(J)) U (U VR(]-)) .
=0

It follows that the measure of the set W(R)) is at least 1 — J§ > 1 — §(73/(2¢) + 1/2).

By the definition of the sequence, we have
J—1
R = @] RO + b, A7) "l
5=0

Since G, < %, hence Z;.tol al, < 2. The bound a, < Cp (1 +log3) M?*m~* and R =

M?/X = M?*m~¢ yield
al R < O (14 log(4/68))” M* +2my=2Ie=
But J > ~3/(2¢) — 1/2 which implies 3 — 2Je — e < 0. Hence
al RO < ¢ (1 +log(4/8))” M>7+2.

Moreover,
buA ™" < (Ci (10g(4/8) + log(m + 1)) + Ca)m ™.

Note 75 < 0, thus we have
RO < LG (1+log(4/8))” M2 +2C, (1og(4/8) + log(m + 1)) +2C; pm ™.
This prove our statement. O

We see that 75 given in the lemma is larger than € — 3 for 0 < ¢ < 1 which implies
the bound (5.1) is better than before.

Now we are in the position to prove our main result.

Proof of Theorem 2. For 0 < § < 1, let § := ﬁé € (0,1) and let ms. = m; be as in

lemma 3. Take

~\B N 1
R= {cﬁ (1 —|—10g(4/5)) M25+2 4 90y <log(4/5) +log(m + 1))” +203}m_75.
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Let m > ms,, lemma 3 tell us that the measure of the set W(R) is at least 1 — 30.
Applying proposition 7 to the above R, we know that, for each z € W(R)\ Vg,

~ ~\ 7
E(far) —E(f,) < G (1 + log(4/5)> {C’g (1 + log(4/(5)> M?P+2
+2C4 <log(4/5) + log(m + 1))71 + 2(]3}2m—(ﬁ+275)
+C, (log(4/(§) + log(m + 1))71 m~(12—20-0) (=) 4 Oy~ =9

Since the measure of Vi is at most 5, we know that the above error bounds holds for
z € W(R)\Vx which has measure at least 1 — 36 — = 1 —4§. Thus we complete our proof
with CX,p,K = Co(M2 + 201 + 203)2 + 01 + 02. L]

Next we will give a proof of theorem 1.

Proof of Theorem 1. Take s = 2 in proposition 2, we will get the estimation of D(\)
which implies condition (2.4) is satisfied with ¢ = 1. For any 0 < € < 1/2, we take
A = m~(1/27¢/2) " Ag the iteration process in lemma 4, we do it again with this A. Since
s can be choose arbitrarily large and p < n/s form proposition 5. If s > 7 and s > n/e,

then 7 = 2, 7, =1 and

4 1\ 4 1\
am =Co [ 1+1log= | M? [ — <Cy(1+log=) M| — ,
) m ) m
e 1 1/2—€/2
b = C1 (log(4/6) +1 )7 (= - .
= i og4/6) + logm + )7 () + € ()
Thus we could takeB:%,%:Oand

2
€
)

Mg = max {50 (log(2(1/e + 1)/8) 4+ log(m + 1)), {2C, (1 + log(4(1/e + 1)/6)) M*}

4CY (log(4(1 /e + 1)/8) + log(m + 1)) /M2, {4Cy/M?} T }

If we take s = max{n/e, 7/e}, then from theorem 2, if m > ms,., with confidence 1 — 6,
there holds

Hfz,)\ - pr%IQ)X < CX,p,KCg/6M4/€

2 max{l,n/‘r}%
} m—(1/2=¢/2)

<1 + log(4(1/e + 1)/5)) { log(m + 1) + log(4(1/e +1)/9)

We set Cyy = (50 +2Cy + 4C) + 4C3)M?, then ]\/\41;76 > Ms. and when m > ]\75,6, we have

Y

2max{1,n/7}%
m/? > C§/6M4/6{ log(m + 1) 4 log(4(1/e + 1)/5)}

Thus we complete our proof. O
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6 Appendix
In this appendix, we will give the proof for proposition 5 (i). We mainly use the following
theorem given in [16].

Theorem 3. Let QQ be a probability measure on a measurable space (X, A), and let F
be a class of measurable functions with measurable square integrable envelope F' such that
QF?* = [ F2dQ < oo and

\%
N(f,e||F||Q,2,L2<@>>gc@ C0<e<l,

Then there exists a constant K that depends on C' and V' only such that

1 2V/(V+2)
log N (convF, €| F|g2, L2(Q)) < K <—) :

€

Here, N (F, ¢, L2(Q)) is the covering number relative to the Ly(Q)-norm

1/2
1fllo = ( / |f|2dQ) |

An envelope function of a class F is any function x — F(z) such that |f(z)| < F(z) for

every x and f € F. convF is abbreviated to the convex hull of F which is defined as

k
convF = {Z a; fi
i=1

and convF denotes its closure with respect to Lo(Q).

k
fiGJT,OéiER,OZZ'ZO,ZO[Z':L]{IGN}
i=1

Proof of Proposition 5 (1). We set F; = {K,|z € X} and F», = {F 1} U{-F1} U{0}. Note
that By is in L*-closure of the set G = {Zfol aini’{x,-} CX, )2 |l < 1}, recall
| /]| = inf {Z;’il | f =302 ochm]}, we just verify the claim when ||f]| = 1 which
implies V0 < € < 1, there exists a sequence {a¢} € ¢! and points {z{} C X, such that
f:Zangg and 1—6§Z|a§| <1+e,
i=1 =1

set g = %ﬁf then g € G and || f —gl|oc < 2re. Hence By C convF; because of G C convFs.
Since

N(f2,€,L2(Q)) < 2N (.Fl,G, LQ(Q)) +1

and we could choose F' = k as the envelope of both F; and F5, thus we turn to estimate
N (F1, ek, L»(Q)). By condition (3.3), we have

N(F1, ek, Lo(Q)) < N(Fi e, || - o) <N (X, (m/ca)l/a)
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where N (X, €) denotes the covering number of X with respect to the Euclidean distance.

Hence n
o : A1\
N(fl,em,Lg(Q))g(—> (3Diam(X)) (-) .

Applying theorem 3, we get

~ /1 2n/(n+2a)
10gN(Bl,€, LQ(Q)) < lOgN(me,E,LQ(Q)) < C (—)

€

where C depend on n,a, c,, £ and Diam(X). Finally, Vm € N, for any samples x =
{z;}m, € X™, the above estimates hold true for @ = =3~ dx,. Thus we complete our

proof. O
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